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Abstract
The paper considers one-dimensional flows of polytropic (calor-
ically ideal) gas. These flows include three cases of gas dynam-
ics: plain one-dimensional flows (one-dimensional space), radially
symmetric flows in two-dimensional space and spherically symmet-
ric flows in three-dimensional space. Starting with the difference
schemes which have conservation laws of mass and energy (as well
as conservation of momentum and the center of mass motion for
the plain one-dimensional flows), we find difference schemes which
also have additional conservation laws for the special values of the
adiabatic exponent γ = 1 + 1/d, where d is the space dimension.
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1 Introduction
In many applications gas phenomena can be modeled using the ideal gas which
is characterized by the equation of state [1, 8, 13, 15, 18]
p = ρRT. (1.1)
Here p is the pressure, ρ is the density and T is the pressure. Constant R is
called the specific gas constant.
We will assume that the specific internal energy ε is a linear function of the
temperature (for constant volume gas processes)
ε(T ) = CvT =
RT
γ − 1
. (1.2)
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Here γ is the adiabatic exponent. It is defined the ratio of specific heat capacities
γ =
Cp
Cv
,
where Cp is the specific heat capacity at constant pressure and Cv is the specific
heat capacity at constant volume.
The ideal gas (1.1) with the assumption (1.2) is called polytropic (also known
as calorically ideal). Excluding temperature, we obtain
ε =
1
γ − 1
p
ρ
. (1.3)
It is well known [8, 18] that for polytropic gases specific heat capacities Cv and
Cp, and consequently the adiabatic exponent γ are constant.
In this paper we treat one-dimensional flows for the polytropic gas (1.3).
For physical applications it makes sense to restrict to the case γ > 1. However,
the results of the paper are valid for γ 6= 0, 1. We consider three types of the
gas flows, namely, plain one-dimensional flows (one-dimensional space), radially
symmetric flows in two-dimensional space and spherically symmetric flows in
three-dimensional space. It is convenient to examine these three cases together.
We will call them one-dimensional flows.
Equations of the gas dynamics are derived from the conservation of mass,
momentum and energy [2, 15]. Therefore it is reasonable to preserve these
conservation laws in difference schemes. The purpose of the paper is to find
difference schemes which preserve the conservation laws of the gas dynamics
equations. Not only the basic conservation laws of mass and energy (as well
as momentum and motion of the center of mass for the plain one-dimensional
flows), but also additional conservation laws which exist for the special values
of γ = 1 + 1/d, where d is the space dimension. To achieve this goal we will
use the mass Lagrange coordinates. For the plain one-dimensional flows such
difference scheme on a uniform spatial mesh was suggested in [7]. This differ-
ence scheme will be recovered as a particular case. We stress that the schemes
to be constructed preserve the conservation laws which hold for the weak solu-
tions (i.e., solutions with discontinuities) of the gas dynamics equations. The
conservation law which hold only for the smooth solutions, namely (2.13), will
be discarded.
The paper belongs to a fairly new research direction in numerical meth-
ods which was called structure-preserving numerical methods (also known as
geometric numerical integration). Though the field is mainly concern with the
qualitative properties of ODES [4], there are also applications to PDEs [3, 16].
Numerical methods for gas dynamics include many different approaches.
The methods differ in the choice of coordinates, the way to treat discontinu-
ous solutions, approximation order, stability properties, etc. For review of the
methods we refer to books [9, 10, 18] and references wherein. The schemes de-
veloped in the present paper can be described as uniform schemes (no isolation
and tracking of shocks) in Lagrangian coordinates.
The paper is organized as follows: In the next section we describe the gas
dynamics equations of the one-dimensional flows in Euler coordinates and their
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conservation laws. We introduce the mass Lagrangian coordinate and rewrite
the gas dynamics equations and their conservation laws in Lagrange coordinates
in section 3. Then, in section 4 we obtain the conservative difference schemes.
The results of the paper are summed up in the final section 5.
2 One-dimensional gas flows in Euler coordinates
2.1 Equations of one-dimensional flows
In Euler coordinates the gas dynamics equations of the one-dimensional flows
can be presented as [15, 18]
ρt + uρr +
ρ
rn
(rnu)r = 0, (2.1a)
ut + uur +
1
ρ
pr = 0, (2.1b)
εt + uεr +
p
ρrn
(rnu)r = 0. (2.1c)
Here we distinguish the case n = 0 with coordinate −∞ < r <∞ and velocity
u from the cases n = 1, 2 with radial distance from the origin 0 < r < ∞ and
the radial velocity u. The system should be supplemented by the equation of
state
ε = ε(ρ, p). (2.2)
We have n = 0, 1, 2 for the plain one-dimensional flows, the radially symmetric
two-dimensional flows and the spherically symmetric three-dimensional flows,
respectively. Note that for these cases n = d− 1, where d = 1, 2, 3 is the space
dimension.
For the polytropic gas (1.3), which we consider in this paper, we can replace
the last equation (2.1c) with
pt + upr +
γp
rn
(rnu)r = 0. (2.3)
From the equations (2.1a) and (2.3) it follows that
(
p
ργ
)
t
+ u
(
p
ργ
)
r
= 0. (2.4)
It leads to the conservation of the entropy. For the polytropic gas (1.3) the
entropy is given as (see [1, 2, 8, 13, 15])
S =
R
γ − 1
ln
(
p
ργ
)
. (2.5)
Its conservation along the streamlines of the gas flow follows from (2.4), which
can be rewritten as
St + uSr = 0. (2.6)
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2.2 Conservation laws
The conservation laws of the system (2.1) for the gas (1.3) can be obtained by
direct computation. They can be split into several groups as follows.
1. General case
In the general case we get two conservation laws:
• Conservation of mass
[rnρ]t + [r
nρu]r = 0; (2.7)
• Conservation of energy[
rn
(
ρε+
ρu2
2
)]
t
+
[
rn
(
ρε+
ρu2
2
+ p
)
u
]
r
= 0. (2.8)
2. Plain one-dimensional flows
For n = 0 there are two more conservation laws:
• Momentum
[ρu]t +
[
ρu2 + p
]
r
= 0; (2.9)
• Motion of the center of mass
[ρ(r − tu)]t + [ρu(r − tu)− tp]r = 0. (2.10)
These two conservation laws hold only for the plain one-dimensional flows.
For the higher dimensional cases of gas dynamics with a radial or spheri-
cal symmetry the conservation of momentum and no motion of the center
of mass are built into the model differential equations, which are obtained
from two- and three-dimensional gas dynamics equations using the sym-
metry reduction procedure.
3. Special values of γ
For γ = 1 + 2/d, i.e. for γ = 3, 2 and 5/3 in the cases of dimension d = 1,
2 and 3, there are two additional conservation laws
[
rn
(
2t
(
ρε+
ρu2
2
)
− rρu
)]
t
+
[
rn
(
2t
(
ρε+
ρu2
2
+ p
)
u− r(ρu2 + p)
)]
r
= 0 (2.11)
and[
rn
(
t2
(
ρε+
ρu2
2
)
− trρu+
r2
2
ρ
)]
t
+
[
rn
(
t2
(
ρε+
ρu2
2
+ p
)
u− tr(ρu2 + p) +
r2
2
ρu
)]
r
= 0. (2.12)
They do not have a clear physical interpretation as the other conservation
laws.
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Let us note that the conservation laws (2.7)-(2.10) hold for equations (2.1)
with any equation of state (2.2). The additional conservation laws (2.11)
and (2.12) hold only for the polytropic gas (1.3) with the special values γ.
Remark 2.1 For the gas (1.3) there is also the conservation law
[
rnρF
(
p
ργ
)]
t
+
[
rnρuF
(
p
ργ
)]
r
= 0, (2.13)
where F is a differentiable function. From
[
rnρF
(
p
ργ
)]
t
+
[
rnρuF
(
p
ργ
)]
r
= F
(
p
ργ
)
([rnρ]t + [r
nρu]r) + r
nρF ′
(
p
ργ
)[(
p
ργ
)
t
+ u
(
p
ργ
)
r
]
we see that it holds due to the mass conservation (2.7) and the entropy conser-
vation property (2.6).
The entropy is conserved along the streamlines only for smooth solutions.
It is not conserved for discontinuous solutions (shocks) [1, 2, 13]. Since in this
paper we concern with conservation laws which hold for the weak solutions we
will not consider property (2.13) important to preserve under discretization.
We presented all conservation laws of the one-dimensional flows of the gas
dynamics equations. One can find them by direct computation or by an ap-
propriate reduction of the three-dimensional conservation laws. Conservation
laws of three-dimensional gas dynamics were obtained in [5] (see also [6]) with
the help of a variational formulation and Noether’s theorem (it requires some
assumptions) and by direct computation in [17]. Among the 13 conservation
laws of the three-dimensional case all but one can be integrated over disconti-
nuities [17]. The only conservation law which cannot be integrated over discon-
tinuities gets reduced to (2.13) in the case of one-dimensional flows. It cannot
be integrated over discontinuities because the entropy is not conserved for the
discontinuous solutions [2, 8]. In [5, 6] one can find a symmetry interpretation
of the conservation laws, i.e. the correspondence between the conservation laws
and Lie point symmetries of the three-dimensional gas dynamics equations.
In this paper we will find difference schemes with difference analogs of the
conservation laws (2.7)-(2.12). To achieve this goal we introduce Lagrange
coordinates.
3 One-dimensional gas flows in Lagrange coordinates
For preservation of the conservation laws under discretization we will make use
of the Lagrange coordinates. Let us introduce the mass Lagrange variable as
s =
∫ r
r0
ρ(t, y)yndy (3.1)
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and rewrite the gas dynamics equations and their conservation laws in the
Lagrange coordinates.
The total derivatives DLt and Ds with respect to t and s in the Lagrange
coordinates are related to the total derivatives DEt and Ds with respect to time
t and r in the Euler coordinates as
DLt = D
E
t + uDr, Ds =
1
rnρ
Dr. (3.2)
We remark that Lagrange time derivative DLt represents the material time
derivative, which corresponds to the differentiation along the streamlines.
3.1 Equations of one-dimensional flows
The gas dynamics equations (2.1) are transformed from the Euler coordinates
(t, r) to the Lagrange coordinates (t, s) as
ρt + ρ
2(rnu)s = 0, (3.3a)
ut + r
nps = 0, (3.3b)
εt + p(r
nu)s = 0. (3.3c)
The Euler spatial coordinate r is given in the Lagrange coordinates by the
equations
rt = u, (3.4a)
rs =
1
rnρ
. (3.4b)
In case of the polytropic ideal gas (1.3) the last equation (3.3c) can be
replaced by the equation for the pressure
pt + γρp(r
nu)s = 0. (3.5)
It is easy to see in the Lagrange case that the conservation of the entropy along
the streamlines follows from (
p
ργ
)
t
= 0, (3.6)
a consequence of the equations (3.3a) and (3.5).
From equations (3.3a) and (3.3c) it follows that
εt = −p
(
1
ρ
)
t
. (3.7)
This relation shows that the change of the specific internal energy ε is caused
by the work of the pressure forces. It is important to preserve this relation in
addition to the balance of the total energy under discretization for qualitatively
correct numerical simulation [15]. It keeps the correct balance between the
specific internal energy and the specific kinetic energy.
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3.2 Conservation laws
Let us rewrite the conservation laws of point 2.2 for the Lagrangian coordinates.
1. General case
In the general case there are two conservation laws:
• Conservation of mass [
1
ρ
]
t
− [rnu]s = 0; (3.8)
• Conservation of energy
[
ε+
1
2
u2
]
t
+ [rnpu]s = 0. (3.9)
2. Plane one-dimensional flow
For n = 0 there are also
• Conservation of momentum
[u]t + [p]s = 0; (3.10)
• Motion of the center of mass
[r − tu]t − [tp]s = 0. (3.11)
3. Special values of γ
For the ideal gas (1.3) with γ = 1 + 2/d there are two additional conser-
vation laws [
2t
(
ε+
1
2
u2
)
− ru
]
t
+ [rnp(2tu− r)]s = 0 (3.12)
and [
t2
(
ε+
1
2
u2
)
− tru+
r2
2
]
t
+ [rnp(t2u− tr)]s = 0. (3.13)
Remark 3.1 For the gas (1.3) we also have the conservation law
[
p
ργ
]
t
= 0, (3.14)
which is the analog of (2.13).
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4 Conservative difference schemes
4.1 Notations
For the mass Lagrange variable we introduce a mesh with points si, i =
0, 1, ..., N . Generally, this mesh is nonuniform. We denote the mesh steplengths
as
hi = si+1 − si.
Since the difference schemes will consists of equations for two time layers,
namely tj and tj+1, we can denote the time steplength as τ . Of course,
we can take nonuniform steplengths τj, which generate the time mesh points
tj+1 = tj + τj, j = 0, 1, ...
The kinematic variables r and u are taken in the nodes (tj , si) of the two-
dimensional mesh. We denote them as
u− = u
j
i−1, u = u
j
i , u+ = u
j
i+1, uˆ− = u
j+1
i−1 , uˆ = u
j+1
i , uˆ+ = u
j+1
i+1 .
Their difference time derivative and forward and backward difference spatial
derivatives will be
ut =
uˆ− u
τ
, us =
uji+1 − u
j
i
si+1 − si
=
u+ − u
hi
, us¯ =
uji − u
j
i−1
si − si−1
=
u− u−
hi−1
.
It is helpful to use a special notation for the average value of two function values
taken in the neighbouring nodes of the same time layer
< f(u, r) >=
f(u, r) + f(u+, r+)
2
.
The thermodynamical variables ρ, p and ε are assigned to the midpoints
(tj , si+1/2), si+1/2 = (si + si+1)/2. For example,
ρ− = ρ
j
i−1/2, ρ = ρ
j
i+1/2, ρ+ = ρ
j
i+3/2,
ρˆ− = ρ
j+1
i−1/2, ρˆ = ρ
j+1
i+1/2, ρˆ+ = ρ
j+1
i+3/2.
For their forward and backward difference spatial derivatives we take into ac-
count that the mesh is not uniform
ps¯ =
pji+1/2 − p
j
i−1/2
1
2(hi + hi−1)
, ps =
pji+3/2 − p
j
i+1/2
1
2(hi+1 + hi)
.
We will need the linear interpolation value of the pressure in the nodes. For
example, for the node (tj, si) we get
p∗ = (p∗)
j
i =
hip
j
i−1/2 + hi−1p
j
i+1/2
hi + hi−1
.
For all variables we denote weighted values for the two neighbouring time
layers as
y(α) = αyˆ + (1− α)y, 0 ≤ α ≤ 1.
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4.2 Discrete scheme
As a starting point for discretization of the equations (3.3) and (3.4a) we take
the scheme [15] (
1
ρ
)
t
= (Ru(0.5))s, (4.1a)
ut = −Rp
(α)
s¯ , (4.1b)
εt = −p
(α)(Ru(0.5))s, (4.1c)
rt = u
(0.5). (4.1d)
Here
R =
rˆn+1 − rn+1
(n+ 1)(rˆ − r)
=


1, n = 0;
rˆ + r
2
, n = 1;
rˆ2 + rˆr + r2
3
, n = 2
is taken for a weighted discretization of rn. Note that R→ rn as τ → 0. If the
spatial mesh is uniform with steplength h, this difference scheme approximates
the underlying differential equations with O(τ + h2).
The scheme (4.1) has four equations for five variables: ρ, u, ε, r and p.
It should be supplemented by a discrete equation of state, a discrete analog
of (2.2). For example, it can be taken in the same form that means
εji+1/2 = ε(ρ
j
i+1/2, p
j
i+1/2).
However, we will not impose any discrete equation of state at the moment.
The freedom to choose a discretization of the equation of state will be used to
impose one additional conservation law.
We stress that the scheme has qualitatively correct discretization of the
relation (3.7), namely
εt = −p
(α)
(
1
ρ
)
t
. (4.2)
Remark 4.1 To derive the difference scheme (4.1) one can start with a non-
conservative discretization of the equations (3.3) and (3.4a) with many free
parameters.
In [14] (slightly different approach was undertaken in [11, 12]) the authors
considered the case n = 0. Here one can start with the nonconservative dis-
cretization (
1
ρ
)
t
= u(σ1)s , (4.3a)
ut = −p
(σ2)
s¯ , (4.3b)
εt = −p
(σ3)u(σ4)s , (4.3c)
rt = u
(σ5). (4.3d)
9
They imposed conservation laws of mass and energy that left only two free
parameters. Note that conservation of momentum is provided by the equa-
tion (4.3b). In [15] they also required the scheme to keep the relation (3.7)
under discretization and specified the scheme as given by (4.1) for n = 0.
The scheme (4.1) for n = 0 was extended to the other cases of the one-
dimensional flows, i.e. for n = 2, 3, with the help of a suitable discretization of
rn in [15].
4.3 Discrete conservation laws and discrete equation of state
First, we provide the conservation laws of the difference scheme (4.1) which
hold independently of the equation of state choice.
1. The general case
In the general case the scheme has two conservation laws:
• Conservation of mass is given by the equation (4.1a).
• Conservation of energy
[
ε+
< u2 >
2
]
t
+ [Rp
(α)
∗ u
(0.5)]s = 0. (4.4)
2. Plane one-dimensional flows
For n = 0 there are two more conservation laws:
• Conservation of momentum
[u]t + [p
(α)]s¯ = 0; (4.5)
• Motion of the center of mass
[r − tu]t − [t
(0.5)p(α)]s¯ = 0, (4.6)
which was not mentioned by the authors of [14, 15].
We can formulate the properties of the scheme as the following theorem.
Theorem 4.2 The scheme (4.1) with an arbitrary equation of state (2.2) pos-
sesses the conservation laws of mass (4.1a) and energy (4.4). It satisfies the
discrete relation (4.2), which insures the correct balance of the specific internal
and specific kinetic energies. For n = 0 there are also conservation laws of the
momentum (4.5) and the center of mass motion (4.6).
Remark 4.3 The conservation of mass (4.1a) provides the the consistency con-
dition for the relations
rˆn+1
n+ 1
−
rn+1
n+ 1
= τjRu
(0.5),
rn+1+
n+ 1
−
rn+1
n+ 1
=
hi
ρ
. (4.7)
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The first relation follows from the equation (4.1d) and the definition of R. The
second relation approximates ds/ρ = rndr, the differential analog of (3.1). From
the consistency of the relations (4.7) it follows that rn+1 plays a role of a discrete
potential for the equation (4.1a). Note that the mesh for the time and the mass
Lagrange coordinate can be nonuniform.
For γ = 1 + 2/d we are interested to preserve the additional conservation
laws (3.12) and (3.13). We can use the remaining freedom to chose the discrete
equation of state. Let us look for an equation of state which gives us the
following difference analog of the additional conservation law (3.12):[
2t
(
ε+
< u2 >
2
)
− < ru >
]
t
+ [Rp
(α)
∗ (2t
(0.5)u(0.5) − r(0.5))]s = 0. (4.8)
It leads to the following specific internal energy equation
ε(0.5) =
p(α)
γ − 1
(
1
ρ
)(0.5)
−
τ2
8
< (ut)
2 > +
1
2
p(α)
[
r(0.5)R− (rn+1)(0.5)
]
s
. (4.9)
We will take it as the discrete equation of state, which approximates (1.3).
In this case we also get a difference analog of the second additional conser-
vation law (3.13) as
[
t2
(
ε+
< u2 >
2
)
− t < ru > +
< r2 >
2
+
τ2
8
< u2 >
]
t
+ [Rp
(α)
∗ ((t
2)(0.5)u(0.5) − t(0.5)r(0.5))]s = 0. (4.10)
Note that it has a correcting term τ
2
8 < u
2 >, which disappears in the continuous
limit.
Thus, we obtained the difference scheme (4.1) supplemented by the discrete
state equation (4.9). In this scheme the pressure values p and pˆ appear only
as a weighted value p(α), i.e. α has no longer meaning of a parameter. We can
consider this value as the pressure in the midpoint of the cell (tj+1/2, si+1/2),
i.e. for α = 0.5.
Thus, we arrive at the following result:
Theorem 4.4 The scheme (4.1) with the discrete equation of state (4.9) pos-
sesses the properties given in Theorem 4.2 as well as the additional conservation
laws (4.8) and (4.10) for γ = 1 + 2/d.
With the help of
[
r(0.5)R− (rn+1)(0.5)
]
=


0, n = 0;
−
1
4
(rˆ − r)2 = −
1
4
τ2(u(0.5))2, n = 1;
−
1
3
(rˆ + r)(rˆ − r)2 = −
2
3
τ2r(0.5)(u(0.5))2, n = 2
we conclude that the additional terms in the discrete equation of state (4.9)
represent O(τ2) correction to the continuous equation of state (1.3).
11
5 Concluding remarks
In the present paper we considered one-dimensional flows of a polytropic gas.
There were derived difference schemes which in addition to conservation laws of
mass and energy (as well as conservation of momentum and the center of mass
motion for the plain one-dimensional flows) posses two additional conservation
laws for the special values of the adiabatic exponent γ = 1 + 1/d.
The case of the plain one-dimensional flows was considered in [7], where the
mesh for the mass Lagrangian coordinate was uniform. Here the results of [7]
are extended to nonuniform spatial meshes.
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